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Abstract. The prism graph is the dual of the complete graph on five vertices with an edge deleted, 
Kc\e. In this paper we determine the class of binary matroids with no prism minor. The motivation 
for this problem is the 1963 result by Dirac where he identified the simple 3-connected graphs with no 
minor isomorphic to the prism graph. We prove that besides Dirac's infinite families of graphs and 
four infinite families of non-regular matroids determined by Oxley, there are only three possibilities 

—^ ■ for a matroid in this class: it is isomorphic to the dual of the generalized parallel connection of 

r~^, ' _f7 with itself across a triangle with an element of the triangle deleted; it's rank is bounded by 5; 

Qf) , or it admits a non-minimal exact 3-separation induced by the 3-separation in Pg. Since the prism 

graph has rank 5, the class has to contain the binary projective geometries of rank 3 and 4, Fj and 
PG{3, 2), respectively. We show that there is just one rank 5 extremal matroid in the class. It has 

»vj . 17 elements and is an extension of _Rio, the unique splitter for regular matroids. As a corollary, we 

obtain Dillon, Mayhew, and Royle's result identifying the binary internally 4-connected matroids 
with no prism minor [5]. 



X 

$H ' 1. Introduction 



In a decomposition result, a more complicated matroid is broken down into simpler components. 
The fact that such simplifications exist is surprising and indicative of deep order in the structure of 
infinite classes of matroids. In 1980 Seymour decomposed the class of regular matroids, begining a 
flourishing genre of such structural results [9] . A matroid is regular if it has no minor isomorphic 
to the Fano matroid F-j or its dual F^ . To decompose regular matroids, he developed the Splitter 
Theorem, a Decomposition Theorem, and the notion of 3-sums. The Splitter Theorem describes 
how 3-connected matroids can be systematically built-up and the Decomposition Theorem describes 
the conditions under which a specific type of separation in a matroid gets carried forward to all 
matroids containing it. The proof of the decomposition of regular matroids consists of three main 
parts. The first part establishes that a 3-connected regular matroid is graphic or cographic or has a 
minor isomorphic to Riq or R12. The matroid Riq is a splitter for regular matroids. This means no 
3-connected regular matroid contains it (other than Riq itself). So the building-up process stops 
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2 A DECOMPOSITION THEOREM FOR BINARY MATROIDS WITH NO PRISM MINOR 

at RiQ. The second part establishes that R12 has a non- minimal exact 3-separation that carries 
forward in all matroids containing it. The third part establishes that 3-connected regular matroids 
can be pieced together from graphic and co-graphic matroids using the operation of 3-sums. It 
is well-known that matroids that are not 3-connected can be pieced together from 3-connected 
matroids using the operations of 1-sum and 2-sum, so it sufficies to focus on the 3-connected 
members of a class. 

We present the decomposition of binary matroids with no minor isomorphic to the prism graph. 
To decompose this class we used a strengthening of the Splitter Theorem [3] and a decomposition 
theorem by Mayhew, Royle, and Whittle [4]. The class of binary matroids with no prism minor 
is quite different from the class of regular matroids, but also similar in the sense that there are 
several special matroids in it and one of them has a separation that carries forward. The role of 
R12 is played by the non-regular matroid Pg. The prism graph, shown in Figure 1, is the dual of 
the complete graph on five vertices, K^ with one edge deleted. It is denoted as (i^5\e)*. 




Figure 1. The prism graph 
A matrix representation for the prism graph is shown below. 
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The origin of this excluded minor problem can be traced to 1963 when Dirac determined the 
extremal graphs without two vertex disjoint cycles [1]. Excluding two vertex-disjoint cycles in a 
3-connected graph is equivalent to excluding (Kr,\e)* as a minor. For r > 3, let Wr denote the 
wheel with r spokes, and for p > 3, let i^3,p denote the complete bipartite graph with three vertices 
in one class and p vertices in the other class. Let K^ , -^3,p' ^^^ ^'i'v denote the graphs obtained 
from K'i^p by adding one, two, and three edges, respectively, joining vertices in the class containing 
three vertices. Dirac proved that a simple 3-connected graph has no minor isomorphic to {K^\e)* if 
and only if it is isomorphic to Wr for some r > 3, K^, K^\e, K^^p, K'^ ., K^^ or K^' for some p > 3. 
In 1984 Robertson and Seymour published a note where they proved that a simple 3-connected 
graph with at least four vertices has no minor isomorphic to K^\e if and only if it is isomorphic 
to (-ftr5\e)*, i^3,3, or Wr for some r > 3 [8]. In 1996 Kingan characterized the 3-connected regular 
matroids with no minor isomorphic to M*(i^5\e) [2, 2.1]. 

Theorem 1.1. M is a 3-connected regular matroid with no minor isomorphic to M* {K^\e) if 
and only if M is isomorphic to M{Wr) for some r > 3, M{K^), M{K^\e), M*{K^^:>,), M{K3^p), 
M{K'^J), M{K'lp), or M{K'Q for some p>3, or Riq. 

Some matroids like Riq play a significant role in structural results. This class contains one such 
significant matroid called E^. It is a self-dual non-regular internally 4-connected single-element 
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extension of M^K^^^). It is also the splitter for the class of binary matroids with no minor isomorphic 
to the prism graph, it dual, or the binary affine cube AG{3, 2) [2]. A matrix representation is shown 
below. 



E.^ 



In order to characterize the class of binary non-regular 3-connected matroids with no prism 
minor, we flag a particular binary non-regular 9-element rank-4 matroid known as Pg and prove 
that besides a few exceptional matroids, all the matroids in the class have Pg as a 3-decomposer. 
This means the matroid has a non-minimal exact 3-separation induced by the non-minimal exact 
3-separation of Pg. Pg is the generalized parallel connection, Pa(P7)W^3)) of P? and W3 across a 
triangle, with the rim element of the triangle deleted. Note that Pg = H4, mentioned above. A 
matrix representation for Pg is given below. 
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P9 



1111 
10 111 
110 10 
11110 



The matroid Pg appears in [5] where Oxley characterized the 3-connected binary non-regular 
matroid with no minors isomorphic to Pg or Pg . Members of this class are the infinite families Zr, 
Z*, Zr\br and Zr\cr. The matroid Z^ is a (2r -|- l)-element rank-r non-regular matroid. It can 
be represented by the binary matrix [/r|-D] where D has r + 1 columns labeled bi, . . . ,br,Cr. The 
first r columns in D have zeros along the diagonal and ones elsewhere. The last column is all ones. 
Note that Z^Xc^ = ^G(3, 2) and Z/^/^ = Ss, where Sg and AG{3,2) are the two non-isomorphic 
single-element extensions of Fj . The next theorem appears in [6]. 

Theorem 1.2. M is a 3-connected binary non-regular matroid with no minor isomorphic to Pg or 



Pg if and only if M is isomorphic to 



Fv, F 



7 ' 



Zf, Z^ ^ Zjj.\b'[' 



or Zr\cr, for some r > 4. D 



It is easy to show that the above infnite families do not have a prism minor. As a consequence 
we may conclude a binary non-regular matroid with no prism minor is either one of the infinite 
families mentioned in Theorems 1.2 or it has a Pg-minor. Like P12, Pg has a non-minimal exact 
3-separation in it. However, unlike P12, the separation in Pg does not extend to all matroids 
containing it. Nonetheless, we are able to identify all of the exceptions. Clearly all binary non- 
regular 3-connected rank 4 matroids have no prism minor, since the prism graph has rank 5. Thus 
PG(3, 2) and all of its deletion minors have no prism minor. We prove that besides one 11-element 
rank-6 matroid, all the exceptions have rank at most 5. The rank 6 exception is the dual of the 
generalized parallel connection of Fj with itself across a triangle, with an element of the triangle 
deleted, denoted as {P/\{Fi , F-j)\e)* . We are now ready to state the main results of this paper. 



Theorem 1.3. Suppose M is a 3-connected binary non-regular matroid with no M* {K^\e) -minor. 
Then one of the following holds: 

(i) M is isomorphic to Zy, Z*, Zr\br, or Zr\cr, for some r > 4; 

(ii) Pg is a 3-decomposer for M ; 

(iii) M is isomorphic to {PAiF^T : F'i)\z)* ; or 

(iv) M has rank at most 5. 
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A detailed analysis of rank 5 binary matroids reveals that all of them are restriction minors of one 
particular 17-element matroid Rn, that is an extension of E5 and Rio [2]. A matrix representation 
for Rn is shown below. 

100110011111 
110011100111 
Rn= /s 1 1 1 1 1 1 1 1 
011101001111 
001111110010 

As a corollary of Theorem 1.3, we obtain the following characterization of binary matroids with no 
prism minor. 

Theorem 1.4. Suppose M is a 3-connected binary matroid with no Ad* [K^\e) -minor. Then either 
Pg is a 3-decomposer for M or M* is isomorphic to one of the following matroids: 

(i) M{Wr) for some r > 3, M{Ks,p), M^J, M{Kllp) or M{Ki['p), for some p > 3; or 

(ii) Zr, Z* , Zr\br, or Zr\cr, for some r > 4; 
(iii) F,, iP^iFj,Fr)\zr;or 
(iv) PG{3, 2) or Rn or one of their 3-connected restrictions. 

Note that, Z^Xa ^ AG{3,2), Z^Xb^ = Ss, M{K^), M{K^\e), M*{K^^^), Ff and Pg are restrictions 
(deletion-minors) of PG(3, 2). The matroid {PAi^T, F-i')\z)* has rank 6 and 10 elements. Therefore, 
Pa{F'j , F'j)\z is a rank 4, 10-element matroid and a restriction of PG(3,2). The matroid Pio, Pg, 
and E^ are restrictions of P17. So we do not have to list these matroids explicitly. 

In the next section we give the statement and proof of the decomposition theorem that forms a 
key component of Theorem 1.3. In Section 4 we prove Theorem 1.4. We also determine the class of 
binary matroids with no A/(/'i'5\e)-minor and the class with neither M[K^\e) nor Af*(i^5\e)-minor. 



2. Proof of Theorem 1.3 

The matroid terminology follows Oxley [7]. We should note that the matroid corresponding to 
the matrix labeled A is called M[A] and not just A. However, we refer to large numbers of matrices 
in this paper and with the reader's understanding treat the matrix and matroid as synonymous. 

Let M be a matroid and X be a subset of the ground set E. The connectivity function A is 
defined as \{X) = r{X) + r{E- X)-r{M). Observe that \{X) = \{E-X). For A; > 1, a partition 
{A,B) of E is called a /c-separation if |^| > k, \B\ > k, and A(^) < k - I. When A(^) = k - I, 
we call {A,B) an exact k-separation. When X{A) = k — 1 and \A\ = k or \B\ = k we call {A,B) 
a minimal exact k-separation. For n > 2, we say M is n-connected if M has no A;-separation for 
k < n — 1. A matroid is internally n-connected if it is n-connected and has no non-minimal exact 
n-separations. In particular, a simple matroid is 3-connected if A(^) > 2 for all partitions {A,B) 
with 1^41 > 3 and |P| > 3. A 3-connected matroid is internally 4-connected if A(^) > 3 for all 
partitions {A,B) with |yl| > 4 and |P| > 4. For example, E^ is internally 4-connected, but Pg is 
not. In the matrix representation of Pg in Section 1, it has a non-minimal exact 3-separation (A, B) 
where ^ = {1,2, 5, 6}. 

Let A^ be a class of matroids closed under minors and isomorphisms. Let fc > 1 and A^ be a 
matroid belonging to A4 having an exact ^-separation {A,B). Let M € A4 having an A^-minor. 
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We say that A^ is a k-decomposer for M having {A, B) as an inducer provided M has a fc-separation 
(X, Y) such that A C X and 5 C y. 

It is well known that every non-regular binary matroid has a minor isomorphic to Fj or Fj . Thus 
we may consider this our starting point for any investigation of non-regular matroids. As mentioned 
earlier, ^40(3, 2) and 5*8 are the two non-isomorphic 3-connected single-element extensions of Fj . 
The matroid Ss has two non-isomorphic 3-connected single-element extensions Pg and Z4. The 
matroid AG{3,2) has one 3-connected single-element extension, Z4. As noted earlier, Pg has a 
non-minimal exact 3-separation (and cosequently so does -Pg )• 

We begin by proving that Pg or Pg are 3-decomposers for a certain class of matroids. To do so 
we use the following result by Mayhew, Royle, and Whittle in [3, 2.10]. Then, we will prove the 
stronger statement that Pg is not relevant and, in fact, Pg is the required 3-decomposer (with one 
exception). We end by showing that the rank of the exceptional matroids that do not have Pg as 
a 3-decomposer is bounded by 5. This portion requires the Strong Splitter Theorem [3, 1.4]. 

Lemma 2.1. Suppose Ai is a class of matroids closed under minors and isomorphism and let 
N G A4 be a 3-connected matroid with |P(A^)| > 8 and a non-minimal exact 3-separation (A,B) 
where A is a A-element circuit and a cocircuit. If A is a circuit and cocircuit in every 3-connected 
single-lement extension and coextension of N in A4, then N is a 3-decomposer for every matroid 
in A4 with an N -minor. D 

The significance of the above decomposition result is that it makes it easy to determine whether 
or not a non-minimal exact 3-separation carries forward. Compare the criteria in this result to the 
original criteria in Seymour's Decomposition Theorem [8, 9.1]. 

Lemma 2.2. Suppose N is a 3-connected proper minor of a 3-connected matroid M such that, if 
N is a wheel or whirl then M has no larger wheel or whirl-minor, respectively. Further, suppose 
m = r(M) — r{N). Then there is a sequence of 3-connected matroids Mq, Mi, . . . , M„, for some 
integer n > m, such that 

(i) Mo = iV; 
(ii) Mn = M; 

(iii) for /c G {1,2, . . . ,m}, r{Mk) - r{Mk-i) = 1 and \E{Mk) - E{Mk-i)\ < 3; and 
(iv) form<k<n, r{Mk) = r[M) and \E{Mk) - E{Mk-i)\ = 1. 
Moreover, when \E{Mk) - E{Mk-i)\ = 3, for some I < k < m, E{Mk) - E{Mk-i) is a triad of 
Mfc. 

The significance of the Strong Splitter Theorem is that we can obtain, up to isomorphism, M 
starting with A^ and at each step doing a 3-connected single-element extension or coextension, such 
that at most two consecutive single-element extensions occur in the sequence (unless the rank of the 
matroids involved are r). Moreover, if two consecutive single-element extensions by elements {e, /} 
are followed by a coextension by element g, then {e,f,g} form a triad in the resulting matroid. 
This greatly reduces the computations we need to establish a bound on the rank. 

Proof of Theorem 1.3. Since M is non-regular, M has a minor isomorphic to Fj or Fj . Since P7 
has no binary extensions, we may assume M has a minor isomorphic to F^ . The 8-element binary 
simple extensions of Fj are AG{3,2) and Sg and the 9-element simple extensions are Pg and Z4. 
We present the proof as a series of claims. 

Claim 1. If M has no Pg nor Pg-minor, then M is isomorphic to P7, Py , Z,., Z*, Zr\cr, or Zr\br 
for r > 4. 
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Proof. Theorem 1.2 identifies the above famihes as the binary non-regular 3-connected matroids 
with no Pg nor Pg-niinor. To prove Theorem 1.2, Oxley proves that for r > 4, Zr, Z*, Zr\cr, 
and Zr\br have no M(W4)-minor [5, Theorem 2.1]. Since M*{K5\e) and M(ii'5\e)-minor have 
an M(VF4)-minor, we may conclude that Z^, Z*, Zr\cr, and Zr\br have no minor isomorphic to 

M*(i^5\e) nor M{K5\e). 



Returning to the proof of the theorem, Claim 1 implies that M has a minor isomorphic to Pg 
or Pg. Now, Pg has three simple non-isomorphic binary single-element extensions shown below. 
Adding column [1110] gives Di, adding columns [1001], [0101], [0110], or [1010] gives D2, and adding 
column [0011] gives D3. This is concisely summarized in Table la and representative matrices for 
Di, D2, and D3 are given below. Note that. Table la gives the extensions of Pg. Columns in bold 
are the ones used to form the matrices. The final three rank 4 matrices are PG(3, 2), PG(3,2)\e 
andPG(3,2)\{e,/}.) 



-Di 



h 



11111 
10 1111 
110 10 1 
11110 



h 



11111 
10 1110 
110 10 
11110 1 



-D3 



h 



Matroid 


Extension Columns 


Name 


P9 




1110 


D, 






1001 [0101] lOllOJ, [1010] 


D-2 






0011 


Di 


Di 




0101] [0110] [1001] [1010] 


Xi 






0011 




X-2 


D2 




1010 


1110 




Xi 






0011 


0101 


[0110] 


X3 


Ds 




1110 


X2 






0101 [0110] [1001] [1010] 


X3 


Xi 




0011 [0101] [0110] 


Yi 






1110 


Y2 


X2 




0101 


Olio 


1001 




1010 




Yi 


X3 




0101 


Olio 


1010 




1110 




Yi 



11110 
10 1110 
110 10 1 
11110 1 



Table la: Rank 4 extensions of Pg 

Pg has eight cosimple non-isomorphic single-element coextensions (see Table lb). When coextend- 
ing a rank-4 matrix the column [0, 0, 0, 0, 1] is added as the fifth element and a new row is added 
at the bottom of the right hand side of the matrix. The coextended element is column 5. 



El = 



1111 
10 111 
110 10 
11110 
110 



E2 = 



1111 
10 111 
110 10 
11110 
110 11 



B3 = 



1111 
10 111 
110 10 
11110 
110 1 



Ei = 



1111 
10 111 
110 10 
11110 
10 1 



1111 
10 111 
110 10 
11110 
10 10 



Ee : 



1111 
10 111 
110 10 
11110 
10 1 



Ea 



1111 
10 111 
110 10 
11110 
111 



E- 



1111 
10 111 
110 10 
11110 
11 



Coextension Rows 


Name 


11000 11111 


-El 


11011 11100 


E2 


11001 11101 


Ea 


01001 01010 01101 


OHIO [10001] [10010] [10101] [10110] 


E, 


01011 01100 10011 


10100 




-Es 


00101 ■ 00110 


Ee 


00111 


e; 


00011 


Er 



Table lb: Single-element coextensions of Pg 
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Claim 2. If M has a Pg-minor, but no -D2, D2, E4, or E^-minoi, then Pg or Pg is a 3-deconiposer 

for M. 

Proof. As mentioned earher, Pg has a non-minimal exact 3-separation (A, B) where A = {1, 2, 5, 6} 
is both a circuit and a cocircuit. It is easy to check that the set A = {1,2,5,6} is both a circuit 
and a cocircuit in Di and D^^ whereas D2 is internally 4-connected. Next, the set A = {1,2,5,6} 
corresponds to A' = {1, 2, 6, 7} in the coextension since the fifth column is the coextended element. 
It can be checked that {1,2,6,7} is both a circuit and a cocircuit in Ei^ E2, E^, Eq, Eq, and Ej. 
Since E4 and £'5 are self-dual, the claim follows from Lemma 2.1. 

Claim 3. If M has no D2, D2, E4 or ii^s-minor, then one of the following hold: 

(i) M is isomorphic to F7, Fj , Zr, Z*, Z^\hj., or Z^\cr., for some r > 4; or 
(ii) Pg or Pg* is a 3-decomposer for M 

Proof. If M has no Pg or Pg-minor, then (i) follows from Claim 1. So, we may assume that M 
has a Pg or Pg as a minor. If M has a Pg-minor, then Pg is a 3-decomposer for M . Otherwise, M 
has a Pg-minor and by duality Pg is a 3-decomposer for M. 

Claim 4. If M has an i?5-minor, then either M = P5 or M has a D2 or D2-vah\OT:. 

Proof. The matroid E^ is self-dual and has seven non-isomorphic binary 3-connected single-element 
extensions, shown in Table 2a. All of them have a minor isomorphic to D2 and the claim follows. 



Extension Columns 


Name 


Contraction-minor 


Deletion- minor 


00101 [00110] [01011] [01100] 


A 


D2 


-E5 El, Er, X3 3 


10011 


B 


D-i 


Es, K'33, J?,io 


11001 11101 


C 


-D2 


S5, Bg. Et. E3 


00011 00111 [01001] [01101] 




D2 


Ei 


01010] [OHIO] 




-D2 


Ei 




10001 




10010 




11011 




11100 






D2 


Ei 




10101 




10110 




11000 




11111 






D2 


E, 



Table 2a: Single-element extensions of E^ 

Returning to the proof of the theorem, we will determine which of the extensions and coextensions 
of Pg have minors isomorphic to M*{K^\e) or M[K^\e). A matrix representation for the graph 
K^\e is given below. 



K^V 



Ii 



10011 
11000 
01101 
00110 



It has three binary non-isomorphic single-element extensions, i^s, 1)2 > and D3 (see Table 3a). 



K. 



Ii 



100110 
110001 
011010 
001101 



-D2 



Ii 



100110 
110001 
011011 
001101 



-D3 



Extension Columns 


Name 


0101 


K,, 


0111 1101 [1111] 


D2 


1011] 1110 


Ds 



Ii 



10 111 
110 
110 11 
110 1 



Table 3a: Single-element extensions of Af (i^5\e) 
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The isomorphisms from these representations of D2 and D^ to the previous representations are, 
respectively, 

{1,2,3,4,5,6,7,8,9,10} -> {3,4,5,8,2,10,9,6,7,1} 
and 

{1, 2, 3, 4, 5, 6, 7, 8, 9, 10} ^ {8, 7, 9, 1, 3, 4, 2, 5, 10, 6}. 

Using the matrix representation of M* {K5\e) in the previous section we see that up to isomorphism 
the 3-connected binary single-element extensions are as follows: 



G = 



10100 
10010 
00111 
01100 
01011 



(^3, 



10100 
10011 
00110 
01100 
01011 



Ei = 



I5 



10 10 
10 11 
110 
110 1 
10 10 



Ee = 



I5 



10 10 
10 10 
111 
110 1 
10 11 



e; = 



10 10 1 
10 11 
111 
110 1 
10 11 



Extension Columns 


Name 




00101 




00110 




01100 


[OHIO] [10100] [10101] 


{Kr^\e)' +edge 




01001 




10010 




11011 




{KUr 




01010 




01011 




10001 




10011 




11001 




11010 




Ei 




00111 




01111 




10111 




11100 




11101 




11110 




Ee 




11111 




Et 



Table 3b: Single-element extensions of M{K^\e) 



The isomorphisms from these representations of £'4, E^ and Ej to the representations of £'4, E^ 
and dual of Ej are, respectively, 

{1,2,3,4,5,6,7,8,9,10} -^ {3,9,2,6,7,8,10,4,5,1} 

{1, 2, 3, 4, 5, 6, 7, 8, 9, 10} -^ {4, 10, 1, 7, 2, 8, 9, 3, 5, 6} 
and 

{1, 2, 3, 4, 5, 6, 7, 8, 9, 10} -^ {3, 4, 1, 9, 10, 8, 5, 2, 6, 7} 

Thus we conclude that M*{K^\e) has five non-isomorphic binary 3-connected single element ex- 
tensions, the graph G obtained by adding an edge to {K^\e)* , the cograph M*{K^^^), and three 
binary non-regular matroids £4, Eq, and E^. 

Since D2, £4, and E^ have an M*(i^5\e)-minor, it follows from Claim 3 that, if M has a Pg 
or Pg-minor and rank at least 5, then either they are 3-decomposers for M or M has an £5 or 
Z?2-minor. 

Now, Table 2 implies that all the extensions of £5 have a D2-T[im.oi, which in turn has a M{K^\e)- 
minor. Further, all single-element extensions, except A, B, and C, have an i?4-minor, which has 
an M*(i('5\e)-minor. Moreover, since the extensions of £5 have a D2-Ta.m.or and £5 is self-dual, all 
the coextensions have a D2-'[ahioi (which has an M*(i('5\e)-minor). 

Matrix representations for A, P, and C are given below. In Claim 5 we show that the coextensions 
of A, B, and C have an M*(i('5\e)-minor. 



011110 
101100 
110111 
111100 
110001 



B = 



h 



11111 
10 110 
110 110 
11110 1 
110 1 



c = 



11111 
10 110 1 
110 110 
11110 
110 1 



Claim 5. If M is a coextension of A, B, or C, then M has an Af*(ir5\e)-minor. 
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Proof. Since E^ is self-dual and every extension has a D2-iiiinor, it follows that every coextension 
has a D|-niinor, and consequently an M*(i^5\e)-minor. Suppose M is a coextension of A, B, C. 
Then a partial matrix representation for M is shown in Figure 2. 






1 


I 


1 


1 


— 1 


1 





1 


1 







1 


1 





1 


1 




1 


1 


1 


1 







1 


1 













1 


zl 



Figure 2. Structure of a coextension of A, B, C 

There are three types of rows that may be inserted into the last row on the right-hand side of 
the matrix in Figure 2. 

(i) rows that can be added to E^ to obtain a coextension with no M*(i<'5\e)-minor with a 

or 1 as the last entry; 
(ii) the identity rows with a 1 in the last position; 

(iii) and the rows "in-series" to the right-hand side of matrices A, B, C with the last entry 
reversed. 
There are no Type I rows. Type II rows are [100001], [010001], [001001], [000101], and [000011]. 
Type III rows are specific to the matrices A, B, C. For matrix A they are [011111], [101101], 
[110110], [111101], [110000]. For matrix B they are [011110], [101101], [110111], [111100], and 
[110000]. For C they are [011110], [101100], [110111], [111101], and 110000]. Thus we see that 
only ten rows may be added. Table Al in the Appendix shows that most of these rows result in 
matroids that are isomorphic to matroids with an M*(i^5\e)-minor. Only two coextensions must 
be specifically checked for an M*(Er5\e)-minor: {C,coextn9) and (C , coextnlO) . Observe that, 
(C,coextn9)/12\l ^ E^, and (C,coea;tnl0)/12\10 = E^. Since E^ has an A/*(if5\e)-minor, we 
may conclude these matroids have it too. 

Claim 6: If M has a Pg -minor, but no D2, D2 E4 or E^-minor, then either Pg is a 3-decom,poser 
for M or M 



Dl. 



Proof. Suppose M is an extension of Pg . The extensions of Pg are the duals of the extensions 
of Pg. Thus, from Table lb they are -Ei, E2, E^, E4, E^, Eq, Eq and E^. All of these matroids 
except E^ have a Pg-minor since Ei, E2, E^, E4^, and E^ are self-dual and Eq and Eq are both 
coextensions of Pg. Since Ej has an Af*(ii'5\e)-minor, we may conclude that M cannot have an 
Py-minor. So Pg is a decomposer for M. 

Suppose M is a coextension of Pg. Then since Di, D2, D^ are extensions of Pg, D^, D2, 
and ,03 are coextensions of Pg . Of these, M cannot be D2 by hypothesis and D^ since it has a 
M(iir5\e)-minor. Therefore, we may suppose M has a minor isomorphic to DJ. 

If M = Dl, then we are done. From Table la we see that Di is formed by adding just one 
column to Pg ([1110]), so any extension of Di will have a D2 or D^-rainor. Thus any coextension 
of D^ will have a D2 or Dg-minor, which have an M*(J<^5\e)-minor. 

The extensions of D^ are the duals of the coextensions of Di. Observe from Table 4 that all 
except the second coextension have a Pg-minor. Since the second coextension has an P7-minor, its 
dual has an Pf minor. Thus we may conclude that M = D^. Note that Dl ^ (PaI^^t, F7)\z). 
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Matr 



Coext 



ension 



R-ows 



[000011] [000101] [001010] [001100] [010010] [010100] 
[011011] [011101] [100010] [100100] [101011] [101101] 
[110001] [110111] [111000] [111110] 



[OOOllOj 

[000111] [001110] [010110] [011001] 
fllOOll] [111010] 



[100110] [101001] 



001001 001111 



001011 001101 



[010001] [010011] [010101] [010111] [011000] [011010] 
[011100] [011110] [10001] [100011] [100101] [100111] 
101000] 101010 101100 [101110] 



110000 



110010 



000011 



010111 



001001 



001010 



001110 



010010 



010011 



010110 



110100' 



110110 



111101 



111001 



mill 



111011 



000101] [000110] [001111] [100111] [101000] 



[110011] [111010] 



100100 101101 



001100] [100001] [100010] [101011] [lOlllOT 



[001101] [100101] [100110] [101001] [lOllOOj" 



[lOOOllj [101010] 



[011000] [011011] [011101] [110110] [lllOOTf 



010100 110000 110101 111100 mill 



010101 110010 110111 111000 moil 



[011010] [011100] [011111] [110001] [111110] 



Na 



Relevant minors 



-El, i?2 5 ^3) ^4) Er 



E3 , E5, Eq, Er 



E2, Ea 



E-2. -E3 -E5 



-E2, -Eg 



El, E2 



E2, E3 



E5 Eg E7 Kr^ 



-^5: -^3. 3, -Rio 



-E3 E5 -Eg , -E7 



E7, -Rio 



E4 



E4 



Ei 



Ei 



Ei 



Ei 



Ei 



Ei 



Table 4: Single-element coextensions of Di and D2 

Claim 7. If M is a coextension of D2, then either M has an M*(i^5\e)-minor or M is isomorphic 
to A, B, C, or Z. 

Proof. Table 4 verifies that all the single-element coextensions of D2 except for A, B, C, and Z 
have an £'4-minor. Further, observe that the choice of rows for Z is just one, so its coextensions will 
have a minor isomorphic to one of the other matroids. Claim 5 already established that coextensions 
of A, B, and C have an M*(ii'5\e)-minor. So Z does not give rise to new coextensions. 



Claims 5, 6, and 7 and the fact that E^ has an M*(i('5\e)-minor imply that there are only three 
possibilities for M: Pg is a 3-decomposer for M; M = D^; or M has a minor isomorphic to E^ or 

D2. 

Returning to the proof of the theorem, we must show that if M has an E^ or D2-uimoi and no 
M*(K^\e)-in.mor, then the rank of M is bounded above by 5. To do this, let us begin by computing 
the single-element extensions of A, B, C and Z with no M*(i^5\e)-minor. From Table 2, we may 
conclude that the only columns that can be added to E^ to obtain a matroid with no M*(i^5\e)- 
minor are [00101], [00110], [01011], [01100] [10011], [11001], [11101]. Adding these columns gives 
us four non-isomorphic single-element extensions of A, B, and C. They are D, E, F, and G shown 
below (all the extensions of E^ are shown in Table 5). 



D -. 






1 


1 


1 


1 








1 





1 


1 











1 


1 





1 


1 


1 


1 


1 


1 


1 


1 








1 


1 


1 











1 








1 


1 


1 


1 





1 


1 





1 


1 








1 


1 


1 





1 


1 


1 





1 


1 


1 


1 











1 


1 











1 


1 



/5 






1 


1 


1 


1 








1 





1 


1 








1 


1 


1 





1 


1 


1 





1 


1 


1 


1 










1 


1 











1 







1 


1 


1 


1 







1 





1 


1 










1 


1 





1 


1 


1 




1 


1 


1 


1 











1 


1 











1 


1 



Suppose M is a coextension of D, E, F, or G. Then the structure of M is shown in Figure 3. 
Recall from the proof of Claim 5, that there are no Type I rows to add. Adding a Type II or 
III row (with the exception of [0000011]) causes M\12 to be 3-connected (and there are no such 
matroids). So the only coextension we must check is the one formed by adding row [0000011]. That 
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11 



1111 




" 


10 110 






110 11 






11110 






110 






1 







Figure 3. Structure of a coextension of D, E, F, G 



is the coextensions in which {6, 11, 12} is a triad. Let D' , E', F', and G' be the coextension of D, 
E, F, and G, respectively, obtained by coextending by row [0000011]. Then in each case we can 
find an E4 minor. In particular, D7l\{3,ll} ^ S4, £^Vl\{7, 11} ^ E^, F7l\{7,ll} ^ E4, and 
G'/l\{7, 11} = E4. Finally, observe that if M is an extension of E^ of size k > 13, then for soine 
e€{ll,...,A:}, M\e is 3-connected. 

Next, suppose M is a coextension of Z. Observe from Table 5 that Z is an extension of Ej 
and RiQ. In the representation of Rn given in the introduction, Riq is isomorphic to the first ten 
columns and Z is isomorphic to the first eleven columns. Let us take that as a representation of Z. 



Z = 



h 



10 110 
110 11 
1110 
1110 1 
1111 



RiQ has two non-isomorphic binary 3-connected single-element extensions, Z and B. Z is obtained 
by adding any one of the columns [01011], [01101] [10101] [10110] [11010] or [11111] and A is 
obtained by adding any one of the remaining columns (see [8] for details). Observe from the 
representation of Rij in the Introduction that adding all of the above six columns to Z gives us 
Rn\e. Adding one additional column gives us Rn. 

Let M be a coextension of Z. Observe that Riq has two single-element coextensions. A* and Z* 
both of which have a D2-nimor (and consequently an M*(i^5\e)-minor. Thus every coextension of 
Rio has an Af*(/ir5\e)-minor). As before, there are three types of rows that may be added to M. 
There are no Type I rows. Type II rows are [100001], [010001], [001001], [000101] and [000011]and 
Type III rows are [100111], [110010], [111001], [011100] and [001110]. Observe that, adding any 
of the above ten rows to Z gives an isomorphic matroid (Appendix Table Al). Without loss of 
generality let M be obtained from Z by adding row [000011]. Then, M/l\7 = E4. Therefore, every 
coextension of Z has an M*(il'5\e)-minor. 

It is easy to check that Z has three non-isomorphic single-element extensions, namely, D and F 
mentioned above, and Y shown below (Table 5). 



Y = 



10 110 
110 111 
1110 1 
1110 10 
11111 



Let Y' be coextension of Y formed by adding row [0000011]. Then, y/l\{2,7} = £'4 Thus, we 
may conclude that if M has an i?io-minor and no minor isomorphic to M*(ir5\e)-minor, then M 
has rank at most 5. 
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Next, suppose M has a Z?2-iiiinor and no minor isomorphic to Af*(i^5\e)-minor. Then, by Claim 
7 the only coextensions of D2 with no M*(i^5\e)-minor are A, B, C, and Z. From Table la we see 
that D2 has two single-element extensions Xi and X3 shown below: 



Xi 



h 






1 


1 


1 


1 


1 


1 


1 





1 


1 


1 








1 


1 





1 








1 


1 


1 


1 


1 





1 






x.= 



h 






1 


1 


1 


1 


1 





1 





1 


1 


1 








1 


1 





1 








1 


1 


1 


1 


1 





1 


1 



There are three types of rows that may be added to Xi and X^. 

(i) the rows that can be added to D2 to obtain a coextension with no M*(i^5\e)-minor with a 

or 1 in the last entry. (These are the rows corresponding to A, B, C, Z in Table 4.) 
(ii) the identity rows with a 1 in the last position; 

(iii) and the rows "in-series" to the right-hand side of matrices Xi and X3 with the last entry 
reversed. 

If M is the coextension obtained by adding the first type of row, then M\12 is isomorphic to 
A, B, C, or Z. Thus M is either L>, E, F, G or Y. Type II rows are [1000001], [0100001], 
[0010001], [0001001], [0000101], [0000011]. Type III rows for Xi are [011111], [101101], [110110], 
[111101], [110000] and for X^ are [011110], [101101], [110111], [111100], and [110000]. For C they 
are [011110], [101100], [110111], [111101], and 110000]. In each case we were able to find an 
M*(if5\e)-minor (Appendix, Table A2). 

Lastly, from Table la we see that Xi and X3 have two non-isomorphic single-element extensions 
Y\ and l2- Suppose M is a coextension of Yi or Y2. Then M has rank 5 and 13 elements. If 
we add Type I rows, then M\13 is 3-connected, and if we add Type II or III rows, then M\12 is 
3-connected, except when the row added is [00000011]. So only two matroids must be specifically 
checked for an M*(A'5\e)-minor. They are Yi with row [00000011] and Y2 with row [00000011]. In 
both cases case the resulting matroid has an M*(i('5\e)-minor. Thus we may conclude that if M 
has an £"5 or Z)2-niinor, then the rank of M is at most 5. D 

3. Proof of Theorem 1.4 

In this section we prove Theorem 1.4. We also give characterizations of the class of binary 
matroids with no prism-dual minor and the class of binary matroids with no prism and prims-dual 
minor. 



Proof of Theorem 1.4. Theorem 1.3 establishes that the exceptional matroids in the class 
(i.e. matroids without an exact 3-seperation induced by Pg) are either the infinite families or 
{P/\{Fi , F'/)\z) or have rank at most 5. Clearly Fj and F^ have no prism minor. Since M*{K5\e) 
has rank 5, all extensions of Fj up to ^^(3, 2) are in the excluded minor class. These are shown 
in Table la. 

To complete the proof we must show that Rn is the extremal rank 5 binary matroid with no 
M*(iir5\e)-minor. To do this we will show that if M is a rank-5 binary 3-connected non-regular 
matroid with no M*(i^5\e) and an E^ or D2-uimoT, then M = Rn or its 3-connected restrictions 
(except Pq because it has only 9 elements). 

Table 2 implies that the only columns that can be added to E^ to obtain a matroid with no 
M*(K'5\e)-minor are those that give A, B, C. That is, columns [00101], [00110], [01011], [01100] 
[10011], [11001], [11101]. It is straigntforward to check that adding all of these columns gives us a 
matroid isomorphic to Rij. The details are in Table 5. 
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From Claim 6 of Theorem 1.3, we see that besides A, B, and C, the matroid Z is the only 
coextension of D2 with no M*(i('5\e)-minor. As noted earlier, Z is an extension of Rio and is 
obtained by adding any one of the columns [01011], [01101] [10101] [10110] [11010] or [11111] to 
RiQ. The only other extension of Rio is A. Adding all of the above six columns to Z gives us 
Rii\e. Adding one additional column (corresponding to extension A) gives us Rn. 

One final matter must be checked. It may be possible for Rn or one of its deletion-minors 
to be an extension of the graph (K5\e) + edge or the cograph (Kg 3)*. We must rule out this 
possibility. To do so, first observe from Table 3a that M*(i^5\e) has two non-regular extensions 
{K5\e)* + edge and {K'^ 3)*. Second, observe that £"5 has no minor isomorphic to the prism graph 
or its dual. Third, Table 2 lists all the 3-connected deletion-minors of A, B, C, making it clear that 
they have no M*(Er5\e)-minor. Lastly, Table 5 gives the single-element extensions of A, B and 
C using columns [00101], [00110], [01011], [01100] [10011] [11001] and [11101] (the other columns 
give an E4 minor, which has a prism minor). These columns give four 12-element extensions, D, 
E, F, and G. These 12-element matroids have no graphic nor cographic single-element deletions. 
So, they belong to the excluded minor class. Moreover, all their extensions will likewise have no 
graphic nor cographic single-element deletions. We are justified in addding all these columns to E^ 
to get -R17. Hence proved. D 



Matroid 


Extension column 


Name 


A 




00110 [01100] [10011] 


D 






01011 


E 






11001 




F 






11101 




G 


B 




00101 


00110 


[01011] [01101] 


D 






11001 


11101 




E 


C 




00101 


01011 


[10011] [11101] 


F 






00110 


01100 




G 


D 




01011 


oiior 


[10011] 


H 






11001 


11101 




E 


E 




00110] [01100] [10011] 


H 






11001 




J 






11101 




K 


F 




00110 


[01100] [10011] [11101] 


I 






01011 




J 


G 




00110 


[01100] [10011] [11001] 


I 






01011 




K 


H 




01100 10011 


L 






11001 11101 


M 


I 




01011] [01100] [10011] [11101] 


M 


J 




00110] [01100] [10011] [11101] 


M 


K 




00110] [01100] [10011] [11001] 


M 


L 




10011 









11001 [11101] 


P 


M 




01100] [10011] [11101] 


P 







11001] [11101] 


Q 


P 




10011] [11101] 


Q 


Q 


_ 


11101] 


B. 



Table 5: All extensions of E5 up to Rii 



Using Table 5, we can identify the internally 4-connected restrictions of -R17 as all, except B, 
G and K. Among restrictions of PG(3, 2) all except K^\e, Sg, ^G(3,2), Pg, Z^, Di and X2 are 
internally 4-connected. The next corollary follows immediately. 

Corollary 3.1. M is an internally 4-connected binary matroid with no M*{K^\e) -minor if and 
only if M is isomorphic to Fj or an internally ^-connected restriction of PG{3,2) or Rn- D 
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The above corollary is the main theorem in [5] by Mayhew and Royle. The matroid they call 
AG(3, 2) X Ui^i is Rij. The five matroids they refer to are B, G, K, Di, X2- 

Theorem 3.2. Let M be a binary matroid with no prism-minor. 

(i) // M is internally ^-connected, then M has rank at most 5, and is isomorphic to a minor 

ofRn 
(i) // M is 3-connected but not internally ^-connected, and M has an internally A-connected 

minor with at least 6 elements that is not isomorphic to M(i^4), F-/, Fj or M(K3^3), then 

M is isomorphic to one of five matroids. 

Using Theorem 1.4 we can also identify members in the dual class (the class of binary matroids 
with no M(i^5\e)-minor). However, we can only conclude that either Pg or Pg are 3-decomposers, 
instead of the stronger statment that "Pg is a 3-decomposer." This is because Ej has no M{K^\e)- 
minor nor Pg-minor, but it does admit the 3-separation of its minor Pg. 

Theorem 3.3. Suppose M is a 3-connected binary matroid with no M[K^\e) -minor. Then either 
Pg or Pg is a ^-decomposer or M is isomorphic to one of the following matroids: 

(i) M*{K^\e), M{K3,3), M*{K3,3), or M{Wr) for some r > 3; 
(ii) Zr, Z*, Zr\br, or Zr\cr, for some r > 4; or 

(iii) Fj, Fi, Pg, Pg* 

(iii) RIy or one of its contraction-minors. D 

Proof. Suppose M is a 3-connected binary non-regular matroid with no M(if5\e)-minor. If M is 
regular, then M is isomorphic to M*{K5\e), MiKs^s), M*{K3-s), M{Wr) for some r > 3, or Pig. 
Therefore, suppose M is non-regular. If M has no Pg or Pg -minor, then by Theorem 2.2 (Claim 
1), M is isomorphic to Fj, Fj , Z,., Z*, Zr\br, or Zr\cr, for some r > 4. Thus we may assume M 
has a Pg or Pg -minor. Note that among the extensions of Pg, D2 has an M(A'5\e)-minor and Pg 
is a 3-decomposer for rank-4 binary 3-connected matroids without a Z)2-miiior. So no further rank 
4 matroids are int he class. It follows from Theorem 1.3(iv) that M is isomorphic to R^j or its 
contraction minors. D 

The next result follows from Theorems 1.3 and 3.3 and the fact that all the rank 5 exceptions 
and their duals have a minor isomorphic to AI{K^\e) or M*{K^\e) except Pg, Pg , and P5. 

Theorem 3.4. Suppose M is a 3-connected binary matroid with no M{K^\e) or M*{K^\e)-minor, 
then either Pg is a 3-decomposer for M or M is isomorphic to M{Wr) for some r > 3, M^K^^), 
M*(i^3,3), Zr, Z;, Zr\br, Zr\cr, for somc r > 4, Fj , P;, Pg, (Pa(P7, P7)\^), {P/x{Ft , Fj)\zY , 
P^,Rio,orE5. a 

Acknowledgement: A year and half ago, the first author submitted a research proposal outlining matroid 
representability problems. The unknown reviewer indicated we should tackle this problem. The authors 
thank the reviewer for highlighting it. 
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4. Appendix 

Table Al lists the single-element coextensions of A, B, C, and Z. Table A2 lists the single- 
element coextensions of Xi and X3. Type II and III are marked in red. 



Matroid 


Name 


Coextension Row | 


A 


cocxt 1 


000011 000101 


001010 [011010] [101111] [111001] 




cocxt 2 


000110 110011 


110101 




cocxt 3 


000111 101011 


111011 




cocxt 4 


001001] [010110] 


[011111] 




cocxt 5 


001011 011011 


100111 




cocxt 6 


001100 011100 


110000 




cocxt 7 


001101] 010010 


010100 [011101] [101110] ]1110001 




cocxt 8 


[001110] [011000 


[101101] [110010] [110100] [111101] 




cocxt 9 


[001111] [011001 


[100011] [100101] [101010] [111010] 




cocxt 10 


[010001] [100010 


[100100] 




cocxt 11 


010011] [010101 


[100110] 




cocxt 12 


010111] 






cocxt 13 


[100001] 101000 


[111110 




cocxt 14 


[101001] 110110 


[mill 


B 


cocxt 1 


[000011] [000101 
[011000 011011 


[000110] [001001] [001010] [001111] [010010] [010100] [010111] 
011110] 




cocxt 2 


000111 001011 


010110 [011010] 




cocxt 3 


001100 010001 


011101 




cocxt 4 


001101 001110 


010011 [010101] [011001] [011100] 




cocxt 5 


[100001] 100010 
[111001] 111100 


[100100] [101000] [101101] [101110] [110000] [110011] [110101] 

mm 




cocxt 6 


[100011] 100101 


101010 [101111] [111000] [111011] 




cocxt 7 


[100110] [101001 


[110010] [110100] [110111] [111110] 




cocxt 8 


[100111] [101011 


[111010] 


C 


cocxt 1 


[000011] [000101 
100100] [101000 


[001001] [001111] [010010] [010100] [011000] [011110] [100010] 

[101110] [110011] [110101] [111001] [mm] 




cocxt 2 




000110 




010111 






cocxt 3 




000111 




010110 


]100110J [110111] 




cocxt 4 




001010 




011011 






cocxt 5 




001011 




011010 


[101010] [111011] 




cocxt 6 




001100 




011101 






cocxt 7 




001101 




011100 


[101100] [111101] 




cocxt 8 


[001110] [010011] [010101] [011001] 




cocxt 9 


[010001] 




cocxt 10 


100001] 110000 




cocxt 11 


100011] 100101 ]101111] [111000] 




cocxt 12 


[100111] 




cocxt 13 


[101001] [110010] [110100] [111110] 




cocxt 14 


[101011] [111010] 


Z 


cocxt 1 


[000011] [000101] [001001] [001110] [010001] [011100] [100001] [100111] [110010] 
111001 




cocxt 2 


000110 001011] 001101] [010010] [010101] [011000] [011111] [100010] [100100] 
101000 101110] 110000] [110111] [111011] [111100] 




cocxt 3 


000111 001010] 001100] [010011] [010100] [011001] [011110] [100011] [100101] 
101001 101111] 110001] [110110] [111010] [111101] 




cocxt 4 


[010110 [010111] OllOlOJ [011011] [101010] [lOlOllJ [101100] ]101101] ]110100] 

[110101 [111110] mill] 
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Matroid 


Name 


Coextension Row 


X^ 


cocxt 1 


[0000011] [0000101] [0000110] [0001001] [0001010] [0001100] [0010011] [0011100] 
0100110] [0101001] [0110101] [0111010] 




cocxt 2 


000111] 1001011] 10001101] 10001110] 11001111] [1010011] [1100110] [1110101] 




cocxt 3 


OOOllllJ 




cocxt 4 


[0010001] 0010010 0010100 [0011000] [0100001] [0100010] [0100100] [0101000] 
0110111] 0111011 0111101 0111110] [1000101] [1001001] [1001100] [1010000] 
1010110 1011010 1100000 1100011] 1101010] 1111001] 1111100] 1111111] 




cocxt 5 


0010101 0010110 0011001 0011010] 0100011] 10100101] 10101010] [0101100] 
0110011 0110110 01111001 [0111100 




cocxt 6 


0010111 0011011 0011101 0011110 0100111 0101011 0101101 [0101110] 
0110001 0110010 0110100 0111000 1000011 1000110 1001010 [1010101] 
[1011001] [1011001] [1011111] [1100101] [1101100] [1101111] [1110000] [1110011] 

mono 




cocxt 7 


0011111 [0101111] [0110000] 




cocxt 8 


[1000001] [1000100] [1001000] [10101000] 1011000] [1011110] [110001] [1101000] 
1101011] [1111000] [1111011] [1111110] 




cocxt 9 


100010] 11011101] 11101101] [1110010] 




cocxt 10 


1000111 1001011 1001110 1010001 [1010111] [1011011] 11100100] [1100111] 
1101110 1110001 1110100 1110111 




cocxt 11 


1001101 1010010 1100010 1111101] 


Xs 


cocxt 1 


[0000011] [0000110] [0010001] [0100111] [0101110] [0110000] [0110101] [1010111] 
[1011011] [1101101] [1110011] 




cocxt 2 


[0000101] [0001001] [0001100] [0011110] [0100001] [0101000] [0111010] [0111111] 
[1010100] [1011000] [1100010] [1111100] 




cocxt 3 




0000111 


0001011 0001110 0101111 10110001] 11010011] 




cocxt 4 




0001101 


0011111 1100110 1110100 




cocxt 5 




0001111 






cocxt 6 




0010010 




1101011 




1111001 






cocxt 7 




0010011 




1000111 




1001011 


[1001110] [1101111] [1110001] 




cocxt 8 




0010100 
1100001 


0011000 0100010 0111100 [1000101] [1001001] [1001100] [1011110] 
1101000 1111010 1111111 




cocxt 9 


[0010101] [0011001 [0100011 0101010 [0111000] [0111101] [1010110] [1011010] 
[1100101] [1101100 [1110010 1110111 




cocxt 10 


[0010110] [0011010 [0100101 0101100 [0110010] [0110111] [1010101] [1011001] 
[1100011] [1101010 [1111000 1111101 




cocxt 11 


0010111] [0011011] [0110011] [lOOOOllJ [1000110] [1001010] 1010001] 1100111] 
1101110 [1110000] [1110101] 




cocxt 12 




0011100 




1000001 




1000100 


11001000] 1100000] [1111110] 




cocxt 13 




0011101 




1100100 




mono 






cocxt 14 




0100100 




0110110 




1011101 






cocxt 15 




0100110 




0110100 




1001101 


1011111 




cocxt 16 




0101001 




onion 




1000010 


1010000 




cocxt 17 




0101011 




0111001 




1010010 






cocxt 18 


L 


1001111 


1 



Table A2: Single-element coextensions of Xi and X-^ 



